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Background
Problem Idea and Preparation by mtyeung1
This is another “digit” task after last year’s S231 Ambiguous Undecimal System.

A substitution cipher (from
https://vc.airvectors.net/ttcode_05.html)

Can you find the easter egg
in the statement?

https://vc.airvectors.net/ttcode_05.html
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Problem Restatement
Given a list of N consecutive positive integers, after applying digit cipher with an
unknown mapping function. Find one possible mapping function for decryption.

CIJDFF

CIJBEE

CIJBEC

0
1
2
3
4
5
6
7
8
9

E
C
H
I
A
J
D
B
G
F

135699

135700

135701
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Statistics
0 points 25 + 8 + 3 + 0 = 36
9 points 12 + 5 + 2 + 0 = 19
22 points 0 + 0 + 0 + 1 = 1
24 points 2 + 3 + 2 + 2 = 9
31 points 1 + 0 + 0 + 0 = 1
34 points 2 + 4 + 1 + 0 = 5
46 points 1 + 1 + 2 + 0 = 4
47 points 0 + 0 + 1 + 0 = 1
56 points 0 + 2 + 4 + 1 = 7
69 points 0 + 0 + 0 + 1 = 1
79 points 0 + 0 + 0 + 1 = 1
100 points 0 + 0 + 0 + 2 = 2

First solved by s191420 at 1h
50m 32s
Second solved by s2230108
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Subtasks
Subtask Points Constraints

1 9 N = 2, |C2| = |C1|+ 1

5 22 N > 10, |C1| = |C2| = . . . = |CN |
2 15 N = 2, Possible that unit digit ̸= 9

4 10 Possible that unit digit ̸= 9

3 23 N = 2

6 21 No additional constraints
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Subtask 1 (9 pts): N = 2, |C2| = |C1|+ 1

When can you get a longer number after applying “+1”?

9 9 9 9 9
+ 1

1 0 0 0 0 0

⇒
G G G G G

+ 1
A B B B B B

⇐ C[1]

⇐ C[2]

0 maps to C[2][1]; 1 maps to C[2][0]; 9 maps to C[1][0].
You’ll have to output the other unused letters once each (map them to 2-8).

Expected Score: 9
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Subtask 5 (22 pts): N > 10, |C1| = |C2| = . . . = |CN |
• A carry (進位 in Chinese) is very useful for identifying information.
• When does a carry happen?

• (Plaintext form) A carry happens when the unit digit is 9.
• (Ciphertext form) A carry happens when the ten digit changes.

Carry
1 3 5 6 9 9

+ 1
1 3 5 7 0 0

No Carry
1 3 5 6 7 1

+ 1
1 3 5 6 7 2

Try more examples to convince yourself!
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Subtask 5 (22 pts): N > 10, |C1| = |C2| = . . . = |CN |
Example:

D E H
D E H
D E H
D E H
D E H
D E H
D E H
D E H
D E H
D E H
D E H

B
B
B
B
B
B
B

G
G
G
G

G
E
A
J
C
F
I
H
D
B
G

⇒ 3
⇒ 4
⇒ 5
⇒ 6
⇒ 7
⇒ 8
⇒ 9
⇒ 0
⇒ 1
⇒ 2
⇒ 3

0
1
2
3
4
5
6
7
8
9

H
D
B
G
E
A
J
C
F
I
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Subtask 5 (22 pts): N > 10, |C1| = |C2| = . . . = |CN |
• Find two consecutive numbers with different ten digit.

• Since N > 10, there is at least one carry.
• Idea: The unit digit ‘9’ appears exactly once among the first 10 numbers.
There is a carry when that number is incremented by 1.

• We can then deduce the unit digit of those two numbers (9 and 0), followed by
the rest of the numbers.

• Again, since N > 10, each digit appears at least once as a unit digit.
Therefore, we get everything we need by just inspecting the unit digit.

Expected Score: 22 (Easy to implement; Hit or miss)



香港電腦奧林匹克競賽
Hong Kong Olympiad in Informatics

J242 - Digit Cipher | 12

Table of Contents

1 The Problem

2 Building Block 1: Carrying

3 Building Block 2: No Carry

4 Full Solution: Combining Both



香港電腦奧林匹克競賽
Hong Kong Olympiad in Informatics

J242 - Digit Cipher | 13

Subtask 2 (15 pts): N = 2, Unit digit ̸= 9

• It is clear that carry never occurs.

• Only the unit digit is different.
A B C D E F

+ 1
A B C D E D

Observation
There are only two constraints we have to satisfy:

1 A is not zero (by the ‘no leading zeros’ rule).

2 F is equal to D + 1 (we call this a “+1” constraint).
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Subtask 2 (15 pts): N = 2, Unit digit ̸= 9

• In this subtask, it is always possible to assign the unit digits to be 1 and 2
respectively.

• Question: Why not 0 and 1?
• Next, assign the leading digit to be 3 if it is not already assigned. (It is possible
that the leading digit also appears as a unit digit.)

• Assign the other letters arbitrarily.

Expected Score: 15
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Subtask 2 (15 pts): N = 2, Unit digit ̸= 9

Examples:
A B C D E F

+ 1
A B C D E D

0 1 2 3 4 5 6 7 8 9

B F D A C E G H I J

F B C D E F
+ 1

F B C D E D

0 1 2 3 4 5 6 7 8 9

A F D B C E G H I J
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Subtask 4 (10 pts): Unit digit ̸= 9

• The situation is similar. We only need to care about the unit digits (“+1”
constraints) and leading digits (no leading zeros).

• Can we always assign the unit digits to be 0, 1, 2, . . .?

NO!
• If the intended solution is 1, 2, . . . , 8 but we assigned them to be 0, 1, . . . , 7,
we might create a leading zero.

• Can we always assign the unit digits to be 1, 2, 3, . . .?

NO!
• If the intended solution is 0, 1, . . . , 8 but we assigned them to be 1, 2, . . . , 9,
we might create a leading zero.
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Subtask 4 (10 pts): Unit digit ̸= 9

“Sliding Window” Idea: After gathering the list of unit digits, we can “slide” them
however we want.

D E H
D E H
D E H
D E H
D E H
D E H
D E H

B
B
B
B
B
B
B G

E
A
J
C
F
I

0 1 2 3 4 5 6 7 8 9
G E A J C F I
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Subtask 4 (10 pts): Unit digit ̸= 9

• To avoid leading zero violation, try at least two possibilities for the sliding
window. (e.g. starting from 0 and starting from 1)

• At least one of them will work. (These are the only two possibilities for the N = 9

counterexample)

Expected Score: 25
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Subtask 3 (23 pts): N = 2

• A simplified version of the full solution.
• Let’s not discuss this here.
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Full Solution
• The case N > 10 has been handled in subtask 5.

• We can focus on the case where N ≤ 10.
• Observation: When N ≤ 10, there is at most one carry.

• The case with no carry has been handled in subtask 4.
• We can focus on the case where there is at least one carry.

• Remaining Case: N ≤ 10 + There is exactly one carry
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Full Solution
Example:

D E
D E
D E
D E
D E
D E
D E
D E

B I
B I
B I
B I
B I
B I
B I

G H

G
E
A
J
C
F
I
H

⇒ 3
⇒ 4
⇒ 5
⇒ 6
⇒ 7
⇒ 8
⇒ 9
⇒ 0

0
1
2
3
4
5
6
7
8
9

H
D
B
G
E
A
J
C
F
I

B
G

B
G
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Full Solution
Strategy:

1 Identify the position of the carry. Deduce all the unit digits.

2 Identify the “+1” constraint that is present. Exhaust all possibilities for the sliding
window.

3 For each possibility, check if it is possible to make the leading digit(s) non-zero.

Expected Score: 100
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Alternative Solution
• Exhaust all 10! = 3, 628, 800 possible mapping functions.
• For each mapping function, check if it is correct by checking only selected pairs of
numbers.

• e.g. Checking only the first 11 numbers. Note that a solution is uniquely
determined by examining the unit and ten digit of the 11 numbers.

• The program must have a small constant factor in order to pass.

Expected Score: 0-100
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Summary

Carrying

Subtask 1: Handling a special case 99 . . . 99 + 1 = 100 . . . 00

Subtask 5: Finding condition for carry (different ten digit) +
Utilizing information from a carry

No Carry

Subtask 2: Avoiding leading 0,
Finding “+1” constraints

Subtask 4: “Sliding window”

+

Subtask 3 (1599 + 1 = 1600): Retrieving information from carry
+ Brute force the “sliding window” + Avoiding leading 0

Full Solution: Combining Everything, Subtask 3++
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