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HKOI2010 Heat Event (Junior Group)


Assume that all variables without declaration shown in the following program segments have already been declared properly. Integers (integer/int) and long integers (longint/long) in problem statements are 16-bit signed variables and 32-bit signed variables respectively. Assume all the programs are compiled properly without using any compiler flag (except the "-o" option in C).
Notations

For any real number x,
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(1)    denotes the largest integer not greater than x.
(2)    denotes the smallest integer not less than x.
(3)    denotes the absolute value of x.
For non-negative integer n, its factorial n! = 1 × 2 × 3 × … × (n-1) × n; and 0! = 1.

Truth tables
	a
	b
	a XOR b
	a XNOR b

	F
	F
	F
	T

	F
	T
	T
	F

	T
	F
	T
	F

	T
	T
	F
	T


Section A  (25 marks)
For each question, choose the most appropriate answer and write the letter (A, B, C or D) in the corresponding space on the answer sheet. One mark for each correct answer. No marks will be deducted for wrong answers.
1.
There are 15 cards in a deck, labelled from 0 at the top to 14 at the bottom. In each turn, 
1.
A card is drawn from the top of the deck and put at the bottom of the deck, then
2.
A card is drawn from the top of the deck and discarded, then

3.
A card is drawn from the top of the deck and put at the bottom of the deck. 
The above process is repeated until there is only one card left. What is the remaining card? 


A. 
Card 0


B. 
Card 3

C. 
Card 5


D. 
Card 14 

2.
Which of the following statements about the least common multiple L of positive integers a and b is INCORRECT?


A.
L is greater than or equal to a and b.


B.
If a positive integer k is divisible by a and b, then k is divisible by L.


C.
If both a and b are divisible by a positive integer k, then L is divisible by k.


D.
If L = a, then a = b.

3.
Consider the following procedure:

Pascal Version

procedure HKOI(k:integer);

begin


if (k<>1) then


begin



if k mod 2 =0 then




HKOI(k div 2)



else




HKOI(3*k+1);



if k mod 5 =1 then




write('H');



if k mod 5 =2 then




write('K');



if k mod 5 =3 then




write('O');



if k mod 5 =4 then




write('I');


end;

end;

C Version

void HKOI(int k) {
if (k!=1) {

      if (k%2==0) 

         HKOI(k/2);

      else 

         HKOI(3*k+1);


      if (k%5==1)

         printf("H");

      if (k%5==2)

         printf("K");

      if (k%5==3)

         printf("O");

      if (k%5==4)

         printf("I");

   }

}
 


How many ‘I’ is/are outputted if HKOI(20) is called?


A.
1


B.
2


C.
3


D.
4

4.
There are 7 islands and 11 bridges. Each bridge connects two distinct islands. It is possible to go from any island to any other island through one or more bridges. At most how many bridges can be removed so that it is still possible to go from any island to any other island through bridges?

A.
4

B.
5


C.
6


D.
7

5.
Suppose a, b and c are positive integers less than or equal to 3. Which of the following expression checks if a, b and c are distinct?


Pascal Version


A.
a+b+c=6


B.
(a<>b) and (b<>c)


C.
(a-b)*(b-c)*(c-a) <> 0


D.
(a+b=c) or (b+c=a) or (c+a=b)
C Version

A.
a+b+c==6
B.
(a!=b)&&(b!=c)
C.
(a-b)*(b-c)*(c-a) != 0

D.
(a+b==c)||(b+c==a)||(c+a==b)

6.
Consider the following function:

Pascal Version

function f(k:integer):integer;
var

    i,c:integer;

begin

    c:=0;

    for i:=1 to k do

        if (k mod i=0) then

            c:=c+1;

    f:=c;

end;
C Version

int f(int k) {

    int i,c;

    c = 0;

    for (i=1;i<=k;i++)

        if (k%i==0)

            c = c+1;

    return c;

}

 


Which of the following statement(s) is/are true?

(i) If f(k) is odd, then k is a square number.

(ii) If f(k) is even, then k is a prime.

(iii) If k is a cube number, then f(k) is even.


A.
(i) only


B.
(i) and (ii) only


C.
(ii) and (iii) only


D.
(i), (ii) and (iii)

7.
Consider the following program segment:

Pascal Version 

k:=0;

for i:=1 to 9 do

    k:=a[i]+a[i-1]+k;
writeln(k);
C Version

k=0;

for (i=1;i<=9;i++)

    k=a[i]+a[i-1]+k;
printf("%d\n",k);

Array (Pascal: a:array[0..9] of integer/ C: int a[10]) contains 10 positive integers. Each of its elements is not greater than 1,000. 


Which of the following statements is/are true?

(i) If all elements in array a are odd, the output must be even.

(ii) If all elements in array a are multiples of 7, the output is a multiple of 14


A.
(i) only


B.
(ii) only


C.
(i) and (ii)


D.
None of the above

8.
You are given a 8×8 chessboard with some chess pieces. You know that the total number of empty cells in the first four rows is 20. Which of the following can give you enough information to calculate the total number of empty cells on the chessboard?


A.
The total number of empty cells in the last six rows.


B.
The average number of empty cells per column.


C.
Whether the last four rows are empty or not.


D.
No additional information is required.

9.
At most how many binary numbers can be formed by seven 1's and three 0's such that all of them have no leading zeros and are multiples of 4?


A.
7


B.
8


C.
15


D.
21

10.
You are playing a game with sticks. Initially you are given one stick. In each round, you have to break one of your sticks into two shorter sticks with integral lengths. The score is the sum of the lengths of the sticks that you have broken in each round.


For example, the length of the stick given is 10. You break the stick into two shorter sticks with the length 8 and 2. The score in the first round will be 8 + 2 = 10. If you further break the stick with the length 8 into two shorter sticks with lengths 3 and 5 in the second round, then the score in the second round will be 10 + 3 + 5 = 18.


If the length of the stick given is 20, what is the least possible score in the third round?


A.
25


B.
26


C.
35


D.
36

11.
Suppose R is an array with index 0 to 100. The elements of R are distinct. R[0], R[1], … , R[50] and R[51], R[52], … , R[100] are both sorted in ascending order independently. Which of the following is NOT a correct method to check if R is in ascending order?


A.
Sort R in ascending order and check if the result is identical to the original array.


B.
For all integers 0≤i≤j≤100, check if R[i]≤R[j].


C.
Check if R[50] is the median of R.


D.
Check if R[50]≤R[100].

12.
What is the output of the following program?
Pascal Version 

var

   cnt:array[0..400] of integer;

   i,r:integer;

begin

   for i:=1 to 20 do

      for r:=i to 20 do

         cnt[i*r]:=cnt[i*r]+1;

   writeln(cnt[20]);

end.

C Version

#include <stdio.h>

int cnt[401];

int i,r;

int main() {

   for (i=1;i<=20;i++)

      for (r=i;r<=20;r++)

         cnt[i*r]=cnt[i*r]+1;

   printf("%d\n",cnt[20]);

   return 0;

}

A.
0 


B. 
3 


C. 
10 


D. 
20 

13.
There are 3 people, namely Andy, Bob and Carol. 2 of them always tell the truth but 1 of them always tell lies. Among these three people, 1 of them broke the window of the classroom. After that, they made the following statements:


Andy:
Bob is the one who broke the window and Carol did not break it.


Bob:

The previous statement is true.


Carol:
The previous statement is false.


Please note that the statements were made one after the other. We know that Andy was the first one who made a statement but we do not know which statement came next, i.e. the order can be Andy→Bob→Carol or Andy→Carol→Bob. Can you help identify who broke the window and who told lies?


A.
Bob broke the window and Bob told lies.


B.
Bob broke the window and Carol told lies.


C.
Carol broke the window and Andy told lies.


D.
There is not enough information to determine.

14.
Consider the following program:

Pascal Version 

var

   x, y : double;

begin

   x := 0.0;

   y := 1.0;

   while x < y do

   begin

      x := x + y;

      y := y * 2.0;

   end;

   writeln(x:0:1, ' ', y:0:1);

end.
C Version

#include <stdio.h>

double x, y;

int main() {

   x = 0.0;

   y = 1.0;

   while (x<y) {

      x = x + y;

      y = y * 2.0;

   }

   printf("%.1lf %.1lf\n", x, y);

   return 0;

}


Which of the following is true for the above program?

A. It outputs "2.0 2.0".

B. It outputs "4.0 4.0".

C. It outputs two numbers greater than 4.0.

D. It does not terminate.

15.
A permutation of some numbers is a rearrangement of the numbers. For example, permutations of {1,2,3} in lexicographical order are

{1,2,3}

{1,3,2}

{2,1,3}

{2,3,1}

{3,1,2}

{3,2,1}

So we say the permutation {3,1,2} has rank 5 because it is the fifth permutation of {1,2,3}.


What is the rank of the permutation {4,2,1,3} in the permutations of {1,2,3,4}?


A.
20


B.
21


C.
22


D.
23

16.
Consider the following program segment:

Pascal Version 


for i:=1 to 6 do

    for j:=1 to 6 do

        for k:=1 to 6 do

            if (j<i) and (k>i) then

                write('*');

C Version

for (i=1;i<=6;i++)

    for (j=1;j<=6;j++)

        for (k=1;k<=6;k++)

            if (j<i && k>i)

                printf("*");


How many '*' are outputted?


A.
18


B.
20


C.
24


D.
36

17.
What is the output of the following program?

Pascal Version 


var 

   a:array[0..10] of integer;

   i,j:integer;

begin

   a[1]:=1;

   for i:=2 to 10 do

   begin

      a[i]:=1;

      for j:=i-1 downto 2 do

         a[j]:=a[j]+a[j-1];

   end;

   writeln(a[5]);

end.

C Version

#include <stdio.h>

int a[11];

int i,j;

int main(){

   a[1]=1;

   for (i=2;i<=10;i++) {

      a[i]=1;

      for (j=i-1;j>1;--j)

         a[j]+=a[j-1];

   }

   printf("%d\n",a[5]);

   return 0;

}


A.
64


B.
84


C.
126


D.
128

18.
Suppose you have a 5-liter and a 7-liter container and only the following operations are allowed.


1.
Empty one of the containers.


2.
Fill one of the containers with water until it is full.


3.
Pour water from one container A to another container B until container A is empty or container B is full.


Now you want to fill either one container with 6 liters of water. What is the minimum number of operations required?


A.
9


B.
10


C.
11


D.
12

19.
A merchant starts trading by travelling to different cities. He can travel from one city to another city if there is a road between them. In the diagram below, a circle represents a city and the edge between two circles represents a road between the two cities.



The merchant has to pay a travelling cost (marked on the edge) for the first time he travels on a road (i.e. once he has paid the cost for a road, he can travel on that road freely). The earnings he gains when he first visits a city is the number marked in the circle. However, the merchant does not earn the money again when he revisits the city. The profit is the total earnings minus the total travelling cost.


Suppose the merchant starts in city A and it does not matter where he ends up at last. What is the maximum profit he can earn? 

A.
10


B.
11


C.
12


D.
13

20.
Suppose there is an arbitrary sequence of 3 real numbers: a1, a2, a3, we construct a new sequence b1, b2, b3 by


b1 = (a1+a2)/2


b2 = (a1+a2+a3)/3


b3 = (a2+a3)/2


Which of the following is NOT always true?


A.
We can find the original sequence a1, a2, a3 using the values of b1, b2, b3 only.


B.
If a1<a2<a3, then b1<b2<b3

C.
If b2 is the largest among b1, b2, b3, then a2 is the smallest among a1, a2, a3

D.
a1+a2+a3 = b1+b2+b3
21. Which are the following statements is/are true?


(i) Two variables cannot refer to the same memory location.


(ii) A (Pascal: boolean / C: bool) variable occupies 1 bit of memory.


A.
(i) only


B.
(ii) only


C.
(i) and (ii)


D.
None of the above

22.
Consider the following function:

Pascal Version 


function f(n:integer):integer;

var

   i,j,cnt:integer;

begin

   cnt:=0;

   for i:=1 to n do 

   begin

      for j:=1 to 8 do

         if (i+j) mod 3 = 0 then

            cnt:=cnt+2;

      for j:=1 to 6 do

         if (i*j) mod 3 = 0 then

            cnt:=cnt+3;

   end;

   f:=cnt;

end;

C Version

int f(int n) {

   int i,j,cnt;

   cnt = 0;

   for (i=1;i<=n;i++) {

      for (j=1;j<=8;j++)

         if ((i+j)%3==0)

             cnt = cnt + 2;

      for (j=1;j<=6;j++)

         if ((i*j)%3==0)

            cnt = cnt + 3;

   }

   return cnt;

}





What is the return value of f(10)?

A. 150

B. 160

C. 230

D. 240

23.
Consider the following function:

Pascal Version 

function f(a,b:integer):integer;

begin

   if b<=0 then

      f:=a

   else

      f:=f(a-2,b-1)+f(a-4,b-2);

end;

C Version

int f(int a,int b) {

   if (b<=0)

      return a;

   else

      return f(a-2,b-1)+f(a-4,b-2);

}



What is the return value of f(9,4)?


A.
1


B.
2


C.
3


D.
5

Instructions: Read the following programs, then answer questions 24 and 25.

Program 1

Pascal Version 


function f(n:integer):integer;

begin

   if (n=0) then

      f:=1

   else

      f:=f(n-1)*(-n);

end;

begin

   writeln(f(5)+f(4));

end.

C Version

#include <stdio.h>

int f(int n) {

   if (n==0) 

      return 1;

   else

      return f(n-1)*(-n);

}

int main() {

   printf("%d\n", f(5)+f(4));

   return 0;

}

Program 2 


Pascal Version 


var 

   i:integer;

   f:array[0..5]:integer;

begin

   for i:=0 to 5 do

   begin

      if i=0 then

         f[0]:=1

      else

         f[i]:=-i*f[i-1];

   end;

   writeln(f[5]+f[4]);

end.

C Version

#include <stdio.h>

int i;

int f[6];

int main() {

   for (i=0; i<=5; i++) {

      if (i==0)

         f[0] = 1;

      else 

         f[i] = -i * f[i-1];

   }

   printf("%d", f[5]+f[4]);

   return 0;

}

24.
What does f(n)return in Program 1? Assume there is no overflow problem and  n is a positive integer.


A.
-(n!)


B.
-n

C.
(-1)n ∙ (n!)


D.
n!

25.
Which of the following is/are true about Program 1 and Program 2?


(i)
Fewer multiplications are done in Program 2 than in Program 1.


(ii)
The function f(n) may be called more than once with the same value of n in Program 1.


(iii)
In calculating f(5) in Program 1, the program finishes calculating the value of f(3) before f(2); while in Program 2, the program finishes calculating the value of f(2)before f(3).

A.
(ii) only


B.
(i) and (ii) only


C.
(i) and (iii) only


D.
(i), (ii) and (iii)

END OF SECTION A

Section B  (16 marks)
The blanks are labeled from A to H. Please fill in the blanks on the answer sheet.
Two marks for each correct answer. No marks will be deducted for wrong answers.
Note:

(1)
You must not use the ?: operator in C.

(2)
You must not use any library function unless the appropriate library(s) is/are included.

(3)
You can write only one character on each box on the answer sheet.
(4)
No answer with length greater than the designated number of boxes will be accepted.
1.
Please fill in the truth values (T/F) of boolean values of a, b and c so that the boolean expression below is TRUE.


b AND (NOT b OR c) AND (NOT a or NOT c)

A:  a = __ ; b = __ ; c = __

2.
The following table shows the computational time needed for logical operations on a special machine. 
	Operation
	Unit(s) of time needed

	NOT
	5

	AND
	3

	OR
	1

	XOR
	2

	XNOR
	2


There is a function F which takes two boolean values a and b as input and outputs a boolean value.
Its truth table is shown below. 
	a
	b
	F(a,b)

	F
	F
	T

	F
	T
	T

	T
	F
	F

	T
	T
	T


Write down a boolean expression that implements F within 6 units of time. You must use parenthesis (round brackets) to indicate the order of execution of the logical operations. For example, "(a AND a) OR (NOT a)" and "a AND (a OR (NOT a))" are two different expressions. Do not write symbolic operators such as !,||,&&.


        B        

3.
There are N people in a community. Suppose person T[i] is the teacher of person i for all i = 1, ..., N. If person i teaches herself, T[i] equals i. The following program segment finds out who the knowledge of person x originates from. Fill in the blanks.

Pascal Version 


readln(x);

i := x;

while (        C        ) do

           D        ;
answer := i;

C Version

scanf("%d",&x);

i = x;

while (        C        )

           D        ;
answer = i;

4.
Fill in the blanks such that the program outputs the following pattern.


For C, you are not allowed to use comparison operators (==, !=, <, >, <=, >=) or conditional operators (?:).

*.*.*

.*.*.

*.*.*

.*.*.

*.*.*

Pascal Version 


var

   b: array[0..4, 0..4] of char;

   i, j: integer;

begin

   for i := 0 to 4 do

      for j := 0 to 4 do

         b[i, j] := '.';

   i := 0;

   j := 0;

   while (i>=0)and(i<5)and(j>=0)and(j<5) do

   begin

      b[i, j] := '*';

      i :=         E        ;
      j :=         F        ;
   end;

   for i := 0 to 4 do

   begin

      for j := 0 to 4 do

         write(b[i, j]);

      writeln;

   end;

end.

C Version

#include <stdio.h>

int main(){

   char b[5][5];

   int i, j;

   for(i=0;i<=4;i++)

      for(j=0;j<=4;j++)

         b[i][j]='.';

   i = 0;

   j = 0;

   while(i>=0 && i<5 && j>=0 && j<5) {

      b[i][j] = '*'; 
      i =         E        ;
      j =         F        ;
   }

   for(i=0;i<=4;i++) {

      for(j=0;j<=4;j++)

         printf("%c",b[i][j]);

      printf("\n");

   }

   return 0;

}

5. 
A Regular Polygon Graph (RPG in short) is a graph consisting of a sequence of non-overlapping regular polygons of 3 - 6 sides. The centres of the polygons lie on the same horizontal line. Each polygon shares an edge and two vertices with the polygon on the left of it (if it is not the leftmost polygon) and shares an edge and two vertices with the polygon on the right of it (if it is not the rightmost polygon). For example, the figure below shows a RPG.



The RPG above has 12 vertices and 15 edges.


Define the horizontal distance of a RPG to be the length (number of edges) of the shortest path connecting one of the leftmost vertices (there may be 1 or 2 of them) to one of the rightmost vertices. For example, the RPG above has horizontal distance of 6.


A RPG can be represented by a sequence of numbers, which specifies the number of sides of the polygons from left to right. For example, the RPG above is represented by 5643.


Write down a RPG with 13 edges which has the maximum number of vertices.          G        

Write down a RPG with 13 edges which has the minimum horizontal distance.          H        
END OF PAPER
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